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Abstract 

Functions of several quaternion variables are investigated and in- 
tegral representation theorems for them are proved. With the help of 
them solutions of the <9-equations are studied. Moreover, quaternion 
Stein manifolds are defined and investigated. 

1 Introduction 

Superanalysis and its enormous applications in mathematical and theoretical 
physics are developing fastly in recent times, but mainly for supercommu- 
tative superalgebras [1, 3, 4, 11]. For nonsupercommutative superalgebras 
superanalysis is rather new [3, 25] and less known, even (super) analysis over 
Clifford algebras and, in particular, quaternions is very little known. 

Quaternion manifolds appear to be very useful, since the spin structure 
for them naturally arise due to the embedding of the unitary group U(2) of all 
complex 2x2 unitary matrices into the quaternion skew field H: U(2) H. 
Moreover, due to Theorem 4.9 for each complex manifold N there exists a 
quaternion manifold M and a complex holomorphic embedding 9 : N c — > M. 
In view of the isomorphism of the spin group Spin(A) with the direct product 
of the special unitary groups SU(2) <E> SU(2) and the embedding SU{2) <g) 
SU (2) ^ H 2 each spin manifold N has the embedding into the corresponding 
quaternion manifold M of the quaternion dimension dimuM = 2n, where 
dimcN = 2n 6 N (about complex spin manifolds see [16, 23]). 
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This is possible for manifolds with connecting mappings of charts be- 
ing in the class of quaternion holomorphic functions considered in [22], but 
in general this is impossible in the class of quaternion (right-) super linearly 
superdifferentiable functions, since the latter leads to the additional restric- 
tions in a complex manifold N associated with the graded H structure in 
the tangent space T X N for each x G N. The latter manifolds are called in 
the literature quaternion manifolds (see, for example, [24] and references 
therein), but practically they are complex manifolds with the additional 
quaternion structure in TN, since they are modelled on C n and their con- 
necting functions of charts are complex holomorphic, but H is not the algebra 
over C, though there is the embedding of C into H as the R-linear space. 
On the other hand, a quaternion manifold M modelled on H n with quater- 
nion holomorphic connecting functions is not a complex manifold. Even if 
M is foliated by the corresponding complex local coordinates it is like the 
product of four manifolds i tm M, l,m G {1,2}, with the complex holomor- 
phic structure in i ; iM and and the complex antiholomorphic struc- 
ture in 2,i-&f and 2,2^ factorized by the equivalence relation y such that 
z G i,iM is ^-equivalent to z' G 2,2^ and £ G \pM is ^-equivalent to 
£' G 2 ,iM, where i,i<f> a (z) = i,i$ a {z') and i, 2 0a(O = - 2,i0a(£')> where 
At(M) = {(U a ,<f) a ) : a G A}, At{ ,, m M) = {( l>m U a , i, m <Pa) : a G A}, 
0a : U a — > <t> a (U a ) C H n is a homeomorphism for each a, 0b o 0" 1 is quater- 
nion holomorphic on (p a (U a fl C/&), C/ a is open in M, (f> a (U a ) is open in H n , 
Ua U a = M. It is known from the theory of complex manifolds, that the 
product 5' 2n+1 x S 2m+1 of two odd-dimensional unit real spheres can be sup- 
plied with the complex manifold structure [17]. In view of the discussion 
above and Theorem 4.9 the product S 2n+1 x S 2m+1 x S 2p+1 x S 2q+1 with 
n + m = p + q can be supplied with the quaternion manifold structure, where 
n,m,p,q are nonnegative integers. In some sense quaternion manifolds may 
be related with hyperbolic manifolds. 

Therefore, in the class of quaternion holomorphic functions the quantum 
mechanics on complex manifolds is embeddable into the quantum mechanics 
on quaternion manifolds. Moreover, this is natural, since the Dirac operator 
can be expressed through the differentiation by quaternion variables [16]. 
Some attempts to spread quantum mechanics from the complex case into the 
quaternion case were made in [5], but he had not any mathematical tool of 
functions of quaternion variables and quaternion manifolds. 
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In [22] the quaternion line integral / f(z, z)dz on the space C®(U,H) of 
all bounded continuous functions / : U — > H was investigated, where U is an 
open subset in H, 7 is a rectifiable path in U, such that it has some properties 
like the complex Cauchy integral: / f(z, z)dz = J f(z, z)dz + / f(z, z)dz 
for each 7 = 7l U 72 with 7l (l) = 72 (0), 71,72 : [0, 1] -> U, j 1 (af(z,z) + 
bg(z, z)dz — a f f(z, z)dz + b J g(z, z)dz for each a,b G H, /, g e C®(U, H), 
(d(J JV=J ^ f(z,z)dz)/dr)).I = f(r),f]), though the quaternion line integral is 
not H-linear. Then there quaternion holomorphic functions were introduced 
and investigated with the specific definition of the superdifferentiability (in 
general H- nonlinear) . There were found many quaternionic features in com- 
parison with the complex case and the theory of quaternion holomorphic 
functions can not be reduced to the theory of complex holomorphic func- 
tions. 

In this paper functions of several quaternion variables are investigated 
(see §§2 and 3) and their theory is applied to the definition and the stud- 
ies of quaternion analogs of complex Stein manifolds (see §4). In this ar- 
ticle theorems about integral representations of quaternion functions are 
proved. Among them there are the quaternion analogs of the Cauchy-Green, 
Martinelli-Bochner and Leray formulas, but they are quite different from the 
complex case, since quaternion integrals are noncommutative and quaternion 
differential forms does not satisfy the same properties as complex differential 
forms. They are applied to solve the (^-equations. This is important not only 
for the theory of quaternion functions, but also for investigations of quater- 
nion manifolds. Then this can be used for developments of sheaves, quan- 
tum sheaves and quantum field theory on quaternion manifolds. Naturally 
free loop spaces and transformation groups of quaternion manifolds such as 
groups of diffeomorphisms, groups of geometric loops, groups of hoops can be 
further investigated continuing previous works of the author on these spaces 
and groups [18, 19, 20, 21], which is interesting for theory of groups and their 
representations and also for their usages in quantum field theory, quantum 
gravity, superstrings, etc. 



3 



2 Differentiable functions of several quater- 
nion variables 



2.1. Theorem. Let U be an open subset in H with a ^-boundary dU 
U -homotopic with a product 71 x 72 x 73, where 7j(s) = aj + 77 exp(2nMjs), 
Mj e H i; \Mj\ = 1, s E [0, 1], 7j-([0, 1]) C 17, < rj < 00, j = 1,2,3, where 
Mj are linearly independent overH. Let also f : cl(U) H be a continuous 
function on cl(U) such that (df(z)/dz) is defined in the sense of distributions 
in U is continuous in U and has a continuous extension on cl{U), where U 
and 7j for each j satisfy conditions of Theorem 3. 9 [22]. Then 

(2.1) /(*) = 

(2tt)- 3 / / / /(C 1 )(%Ln(Ci-C2))Mr 1 (%Ln(C 2 -C3))M- 1 (%Ln(C3-^))M 3 - 1 
^73 ^72 Jn 

-(27T)' 3 / {(9/(Ci)/^).rfCiA%Ln(Ci-C 2 ))Mr 1 (%Ln(C 2 -C3))M 2 " 1 (%Ln(C3-^))M 3 - 1 }. 
J u 

Proof. We have the identities d c [f(().d c Ln(( - z)} = {(df(()/d().d(} A 
d ( Ln(C - z) +{(df(Q/dQ.dC} A d ( Ln(( - z) and d^Ln{C - z)\ c&1 = for 
( varying along a path 7, where for short f(z) = f(z,z), since there is the 
bijection of z with z on H, there exist quaternion-valued functions g((,z) 
and h((,z) such that <9^Ln(C — z) = g((,z)d( = (d()h((,z) (see also §§2.1 
and 2.6 [22]). As in [22] f(z, z) := dg(z, z)/dz, where g(z, z) is a quaternion- 
valued function such that (dg(z, z)/dz).I = f(z, z). Since £1 varies along the 
path 71, then d(\ A dCikien = 0- Consider z & U and e > such that the 
torus T(z, e, H) is contained in U, where dT(z, e, H) = ip 3 x ip 2 x ^1, ^ are 
of the same form as 7, but with 2 instead of a,j and with = e. Applying 
Stokes formula for regions in R 4 and componentwise to H-valued differential 
forms we get 

/ uo — \ uj = dw, where 

JdU JdT(z,e,H) JU\T(z,e,H) 

*> = /(Ci)-(9 Cl MCi " C 2 ))Mr 1 (9 f2 Ln(C 2 - C 3 ))M 2 - 1 (%Ln(C 3 - z))M^ . 

In view of Theorem 3.9 [22] we have that lim e ^o,e>o(27r) -3 / / / w — f(z) 
and lim (E ^o,e>o fu\T(z,e,n) doJ = fuduo. From this formula (2.1) follows. 
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2.1.1. Remark. Formula (2.1) is the quaternion analog of the (com- 
plex) Cauchy-Green formula. Since in the sence of distributions df/dz = 
d(dg/dz)/dz 1 then from df/dz = it follows, that df.I/dz = df/dz = 0. If 
df/dz = 0, then g can be chosen such that dg/dz = [22]. Therefore, from 
Formula (2.1) it follows, that / is quaternion holomorphic in U if and only 
if df/dz = in U. 

2.2. Remark. Instead of curves 7 of Theorem 2.1 above or Theorems 
3.9, 3.24 [22] it is possible to consider their natural generalization 7(0) + z = 
zq + r(9) exp(27r5(0)), where r(0) and S(9) are continuous functions of finite 
total variations, 9 E [0, 1] C R, r(9) > 0, 5(0) E H. Therefore, 7 is 
a rectifiable path. If 5(0) = 5(1) morf(Sj) and r(0) = r(l), then 7 is 
a closed path (loop): 7(0) = 7(1), where Si := {z E Hi : \z\ = 1}, 
Hi := {z E H : z + z = 0}. Consider 5 absolutely continuous such that 
there exists T E L\[0, 1],H) for which 5(0) = 5(0) + J e T(r)rfr (see Satz 2 
and 3 (Lebesgue) in §6.4 [14]) and let r(9) > for each 9 E [0, 1]. Evidently, 
Mn := 5(1) -5(0) = J L T(r)d t is invariant relative to reparatmetrizations 
4> E Diff+([0, 1]) of diffeomorphisms of [0, 1] preserving the orientation, n is 
a real number, M E S ; . Then AArg(^) := Arg(^)\l = 2n Jq T(r)dr (see also 
Formula (3.7) and §3.8 [22]). In view of Theorem 3.8 [22] for each loop 7 : 
AArg^) E ZSi. For each e > for the total variation there is the equality 
V(7e) = V(7)e. Since 7Q0, 1]) is a compact subset in H, then there exists 
r m := sup 0e[o l] r(9) < 00. Hence z + (7c) ([0, 1]) C B(H, 

Therefore, Theorems 3.9, 3.24, 3.30 and Formulas (3.9, 3.9') [22] and The- 
orem 2.1 above are true for such paths 7 also and Formula (3.9) [22] takes 
the form 

(2.2) f(z) = (2nn)- 1 ( [ /(C)(C - z^dQM, 

where / n G Z for a closed path 7, M E S i; Formula (2.2) generalizes 
Formula (3.9), when \n\ > 1. When Jn(0,7) = 0, then (J^ f (()((- z)' 1 ^) = 
(see also §3.23 [22]). 

2.3. Theorem. Let U be a bounded open subset in H and f : U — > H 

&e a bounded continuous function. Then there exists a continuous function 
u(z) which is a solution of the equation 

(1) (dn(z)/dz) = f 

in U , in particular, (du(z)/dz).I = f(z). 
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Proof. Take quaternion one-forms d(i expressible through d( as J2j=i Pj,i,idC,Pj,2,i 
with fixed nonzero quaternions Pj, q ,i, where / = 1,2,3,4, k{l) G N, ( G U. 
Choose them satisfying conditions d( 4 A v — £(v, w, x, y)dv A dw A dx A dy, 
dUAu = 0, where v = (<%Ln(G - C 2 ))Mf 1 ( ( 9 C2 Ln(C 2 - Cs^Mr^Ln^ - 
z))M 3 1 as in §2.1, z = vl + wJ + xK + yL, I, J, K and L are Pauli-matrices, 
v, w, x and y G R, ^ '■ U ^ H is a function nonzero and finite almost ev- 
erywhere on U relative to the Lebesgue measure. Then there exist d( 4 and 
v such that the continuous function 

(2) u(z) := -(2vrr 3 / (/(£).<&) A i/ 

is a solution of equation (1). To demonstrate this take closed curves jj in 
U as in §2.1 and §2.2, for example, such that Q G 7j satisfy conditions: 
(Ci - C2) = Vu (C2 - C3) = V3, C3 = rr\l with < r < 1, where 771 = 
(0 J), ^2 = m, r] 3 = (_°_ " Q ), fjx = r? 4 , 774 = (* °), where t and w G C, 

C = G £/, a T denotes the transposed matrix of a matrix a. Hence 

drji A drji = 0, drj 2 A rfr^J = 0, dr/ 3 A g^J = 0, dr\ 4 A rfr] 4 = 0, 

(i) r}\dr}i = {d-q^rft and 77^773 = [(dr) 3 )r)$]- 

for = 1 and k = —1. These variables are expressible as Q = Y^j=\ Pj,i,i(Pj,2,i 
(see §§3.7 and 3.28 [22]). Therefore, there exists a quaternion variable £4 
expressible through ( as above such that 

(ii) d( 4 A v — £(v, w, x, y)dv A du> Adx A dy, d( 4 A v — 0. Therefore, there 
exists a subgroup of the group of all quaternion holomorphic diffeomorphisms 
of U preserving Conditions (ii) and the construction given above has natural 
generalizations. 

On the other hand, ( is expressible through G,...,C 4 as ( = J2i Pi,i(P2,i, 
where Pij, P^i are quaternion constants. Let at first / be continuously dif- 
ferentiate in U. Each Q is expressible in the form Q = J2i l bjSi, where l bj G 
R are real variables, S t G {/, J, K, L}, hence differentials (df /dQ).dQ = 
J2i{(df /dz).Sid l bj +(df /dz).S t d l bj} are defined. Consider a fixed z G U. 
We take a C°°-function % on H such that x = 1 in a neighbourhood V of zq, 
V C £7, x — in a neighbourhood of H \ [/. Then u — u\ + «2, where 

:= -(2vr)- 3 / X (Ci)(/(Ci)-dCi) A 1/, 
u 2 (z) := -(27T)' 3 / (1 - x(Ci))(/(Ci)-dCi) A u. 
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Then 

u(z) := -(2tt)- 3 / X (Ci + *)(/(0 + z)-<Ka) A V>, where 
^ := (d Cl Ln(Ci - C 2 ))Mr 1 (%Ln(C 2 - Ca))M 2 ; (r7 ,/.//( t,,).U, '. 

Since 9 C4 {[x(Ci+^)/(Ci+^)-]AV'} = and (9/9C4){[x(Ci+^)/(Ci+^)-]A^}.dC4 
= d^ 4 {[x((i + z)f((i + z)] A ■?/>}> then due to Equations 
(du(z)/dz) = -(27r)- 3 / H ^ 4 {[ X (Ci + f )/(Ci + *)] A^}. 
In view of Theorem 2.1 applied to f.S for each 5 G {I , J, K, L} we have 
(dui/dz) = f in V, consequently, (du/dz) = f in a neighbourhood of z - 
Taking a sequence /" of continuously differentiable functions uniformly con- 
verging to / on U we get the corresponding u n such that in the sence of 
distributions (du/dz) = \mi n ^ 00 (du n / dz) = lim n f n = f. 

2.4. Theorem. Let U be an open subset in H n . Then for every compact 
subset K in U and every multi-order k = (hi, k n ), there exists a constant 
C > such that 

m^\d k f(z)\<C ( \f(z)\da 4n 

for each quaternion holomorphic function f , where da^ n is the Lebesgue mea- 
sure in H n . 

2.5. Corollary. Let U be an open subset in H n and let f\ be a sequence of 
quaternion holomorphic functions in U which is uniformly bounded on every 
compact subset of U . Then there is a subsequence converging uniformly 
on every compact subset of U to a limit in C^(U,H). 

Proofs of Theorem 2.4 and Corollary 2.5 follow from Theorem 2.1 above 
and Theorem 3.9 [22] analogously to Theorem 1.1.13 and Corollary 1.1.14 
[9]- 

2.6. Definitions. Let U be an open subset in H n and /:[/—> H m be 
a quaternion holomorphic function, then the matrix: Jf(z) := (dfj(z)/dzk) 
is called the quaternion Jacobi matrix, where j = 1, ...,m, k — 1, ...,n. To 
this quaternion operator matrix there corresponds a real (4m) x (4n)-matrix. 
Denote by rankn(Jf(z)) a rank of a real matrix corresponding to Jf(z). Then 
/ is called regular at z e U, if ranku(Jf(z)) = 4min(n, m). If U and V are 
two open subsets in H n , then a bijective surjective mapping /:[/—> V 
is called quaternion biholomorphic if / and f^ 1 : V — > U are quaternion 
holomorphic. 

2.7. Proposition. Let U and V be open subsets in H n and H m respec- 
tively. If f : U — > H m and g : V — > H k are quaternion holomorphic functions 



7 



such that f(U) C V , then g o f : U — > H k is quaternion holomorphic and 
J gof (z) = J g {f{z)).{J f {z).h) for each heU n . 

Proof. In view of Definition 2.1 and Theorem 3.10 [22] (dgj(f{z))/dzi).C = 
Er=iEti(%(0/^)k=/(,).(5/ s W/^).^, where h = {h u ...,h n ), h t G H 
for each / = l,...,n, since f(U) C V and this is evident for quaternion 
polynomial functions and hence for locally converging series of quaternion 
holomorphic functions. 

2.8. Proposition. Let U be a neighbourhood of z G H n and let f : U — > 
H n be a quaternion holomorphic function. Then f is quaternion biholomor- 
phic in some neighbourhood of z if and only if ranknJf(z) = An. 

Proof. From Proposition 2.7 it follows, that the condition ranknJf(z) = 
An is necessary. In view of Definition 2.1, Theorem 3.10 and Note 3.11 [22] an 
incerement of / can be written in the form f(z + () = f(z) + Jf(z).( + 0(\(\ 2 ) 
for each ( G H n such that z + ( E U. As in the proof of Theorem 1.1.18 
[9] we get, that there exists a quaternion holomorphic function h on an open 
neighbourhood W of z in U satisfying the condition \g(z + C)l ^ C|C| 2 j 
W D B(z,2e, H n ), < e < (2C)" 1 , where C is a positive constant and h 
is given by the series h = J^k^i 9k, where gu+i = g o g k for each k G N 
and g\ := g, g := id — /, since for each rj e W there exists r > such 
that B(r],r, H) C U and the series for h is convergent on B(r],r, H) with 
h(B(z, e, H n )) C B(z,2e, H n ). The operator is continuous by on [/, 

hence there exists a neighbourhood V of z such that rank R Jf(z) is equal to 
4n on it, hence f(V) is open in H n . From (id + h) o f = f o (id + h) = id on 
B(z,e, H n ) it follows, that / is quaternion holomorphic on a neighbourhood 
of z. 

2.9. Corollary. Lei X be a subset in H n and k G {1, 2, n — 1}, then 
the following conditions are equivalent: 

(i) for each ( G X there exists a quaternion biholomorphic map f = 
(fi, f n ) in some neighbourhood U of ( such that rank R f = An on U and 
XnU = {zEU: f k+1 (z) = 0, f n (z) = 0}; 

(ii) for each ( G X there exists a neighbourhood V of ( and a regular 
quaternion holomorphic map g : V — > H n ~ k such that X fl V = {z G V : 

//(--) ('}, 

Proof is analogous to the proof of Corollary 1.1.19 [9] and with a con- 
sideration of the determinant function of the real 4n x 4n matrix Jf^(z) 
corresponding to the quaternion operator Jf(z), since detJf ; n(z) ^ if and 
only if rankn,f(z) = An. 
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2.10. Definitions. Let U be an open subset in H n . A subset X in 
U is called a quaternion submanifold of H n if the equivalent conditions of 
Corollary 2.9 are satisfied. If in addition X is a closed subset in U , then X is 
called a closed quaternion submanifold of U . This definition is the particular 
case of the following general definition. 

A quaternion holomorphic manifold of quaternion dimension n is a real 
4n-dimensional C°°-manifold X together with a family {(Uj, <f>j) : j G A} of 
charts such that 

(i) each Uj is an open subset in X and \JjeA Uj = X, where A is a set; 

(ii) for each j G A a mapping <pj : Uj — > Vj is a homeomorphism on an 
open subset Vj in H n ; 

(m) for each j,l G A a connection mapping <pj o is a quaternion 
biholomorphic map (see §2.6) from <f>i(Uj fl C/j) onto <f>j(Uj fl C/j). Such sys- 
tem is called a quaternion holomorphic atlas At(X) := {(Uj,<f)j) : j G A}. 
Each chart (Uj, <pj) provides a system of quaternion holomorphic coordinates 
induced from H n . For short we shall write quaternion manifold instead of 
quaternion holomorphic manifold and quaternion atlas instead of quaternion 
holomorphic atlas if other will not be specified. 

For two quaternion manifolds X and Y with atlases At(X) := {(Uj, 4>j) '■ 
j G A x } and At(Y) := {(Wi,tpi) : / G Ay} a function / : X -> Y is 
called quaternion holomorphic if ipi o f o 0" 1 is quaternion holomorphic on 
4>j(Uj fl f~ 1 (Wi)). If / : X — > y is a quternion biholomorphic epimorphism, 
then X and F are called quaternion biholomorphically equivalent. 

A subset Z of a quaternion manifold X is called a quaternion submani- 
fold, if 4>j{Uj fl Z) is a quaternion submanifold in H n for each chart (Uj, <pj). 
If additionally Z is closed in X, then Z is called a closed quaternion sub- 
manifold. 

2.11. Theorem. Let n > 2, /i, ...,/„ G Co (z 5) (H n , H) 6e a family of 
continuously quaternion (z,z)- differentiate functions satisfying compatibility 
conditions: 

(i) dfj/dz k = df k / dzj for each j, k = 1, n, 

where in Cq , z 5 )(H n , H) is the subspace of C\ z 5 )(H n , H) of functions with 
compact support. Then there exists u G ^^ ^(H", H) satisfying the follow- 
ing d-equation: 

(ii) du/dzj = fj, j = l,...,n; 
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in particular, (du/dzj).I = fj. 
Proof. We put 



(Hi) u(z):=-(2n) 3 [(/i(Ci, *2, -, z n ).d( 4 ) A 77], where 

rj := (9 Cl Ln(Ci - ^Mf^Ln^ - C^M^^Ln^ - z)^ 1 
(see §2.3). By changing of variables we get 

u(z) : = -(2tt)- 3 f [(/i(zi + Ci, z 2 , £ n ).dC 4 ) A where 

J H 

^ := (9 Cl Ln(Ci - C 2 ))Mr 1 (%Ln(C 2 - C^M^^Ln^il^ 1 . 

Therefore, u G 5 )(H n , H). Due to Theorem 2.3 du/dz\ = f\ in H n . In 
view of Theorem 2.1 and the condition dfi/dzk = dfk/dzi the following 
equality is satisfied 

f k (z) = -(2vr)- 3 / {[9/ fc (Cl,22,...,^)/aCl]-dC4}AV, 

hence du/dzk = ft for /c = 2, ...,n, that is, w satisfies equations (n). From 
this it follows, that u is quaternion holomorphic in H n \ supp(fi) U ... U 
supp(f n ). In view of formula (in) it follows, that there exists < r < 00 
such that 

(iv) u(z) = for each z G H n with |z 2 | + ... + |-2 n | > r. Fromdu/dzi = f\ 
it follows, that du/dz\ = in H n \ supp(fi). Consequently, there exists 
< R < 00 such that u may differ from on H n \ B(H n , 0, R) only on a 
quaternion constant (see Theorem 3.28 and Note 3.11 in [22]). Together with 
(iv) this gives, that u(z) = on H n \ 5(H n , 0, max(i?, r)). 

2.12. Theorem. Let U be an open subset in H n ; where n > 2. Sup- 
pose K is a compact subset in U such that U \ K is connected. Then for 
every quaternion holomorphic function h on U\K there exists a function H 
quaternion holomorphic in U such that H = h in U \ K . 

Proof. Take any infinite (z, z)-differentiable function x on U with com- 
pact support such that x\v — 1 011 some (open) neighbourhood V of K. 
Then consider a family of functions fj such that fj(z, z).S = —{(dx/dz).S}h 
in U \ K and fj = outside U \ K for each S G {I , J, K, L}, where 
j = l,...,n, fj(z) = fj(z).I. Therefore, conditions of Theorem 2.11 are 
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satisfied and it gives a function u G Cq ^ ^(H 11 , H) such that du/dzj = fj 
for each j = 1, ...,n. A desired function H can be defined by the formula 
H := (1 — x)h — u such that H is quaternion holomorphic in U . Since x nas 
a compact support, then there exists an unbounded connected subset W in 
H n \ supp(x)- Therefore, u\w = 0, consequently, H\ UnW = h\ur\w- From 
(U\K) C\W 7^ and connectedness of U\K it follows, that if|m^ = h\jj\x- 

2.13. Remark. In the particular case of a singleton K = {z} Theorem 
2.12 gives nonexistence of isolated singularities, that is, each quaternion holo- 
morphic function in U \ {z} for U open in H n with n > 2 can be quaternion 
holomorphically extended to z. Theorem 2.12 is the quaternion analog of the 
Hartog's theorem for C n . 

2.14. Corollary. Let U be an open connected subset in H n and n > 2. 
Suppose that f is a right superlinearly superdifferentiable function f : U — > H 
and N(f) :={zeU : f(z) = 0}, then 

(i) U \ N(f) is connected, 

(ii) N(f) is not compact. 

Proof, (i). We have / = (jf^ , where u) is holomorphic by t 

and antiholomorphic by m, f 1,2ft, u) is holomorphic by u and antiholomorphic 
by i, where j z = J " f ), j z e H, z = ( 1 z,..., n z) e U. Therefore, 

N(f) = iV(/i,i) n iV(/i i2 ), consequently, U \ N(f) = (U \ N(f hl )) U (U \ 
N(fi,2))- Then from Corollary 1.2.4 [9] for complex holomorphic functions 
(i) follows. 

(ii). Suppose that N(f) is compact. In view of (i) and Theorem 2.12 the 
function 1/f can be quaternion holomorphically extended on N(f). This is 
a contardiction, since / = on N(f). 

2.14.1. Note. Corollary 2.14 is not true for arbitrary quaternion holo- 
morphic functions, for example, /( 1 z ) 2 z) = j\( 1 z)f2( 2 z) on 5(H 2 ,0,2), 
where /i( 1 z) := 1 z 1 z — ri, f 2 ( 2 z) := 2 z 2 z — r 2 , < r±, < r 2 , rf + r 2 < 4. 

2.15. Theorem. Let U be an open subset in H n ; fi,...,f n be infinite 
differentiable (by real variables) functions on U and Conditions 2.11.(i) are 
satisfied in U. Then for each open bounded polytor P = Pi x ... x P n such 
that cl(P) is a subset in U , there exists a function u infinite differentiable 
(by real variables) on P and satisfying Conditions 2.11.(m) on P. 

Proof. Suppose that the theorem is true for f m+ i — ... — f n — on U. 
The case m = is trivial. Assume that the theorem is proved for m — 1. 
Consider U' = U\ x ... x U' n and U" = W\ x ... x U" n open polytors in H n 
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such that P C cl(P) C IT C cl(U") c U' C c 17. Take an infinite 

differentiable (by real variables) function x on U' m with compact support 
such that x|c/" m = 1? X = in a neighbourhood of H \ C/' m . There exists a 
function 

77(z) :=-(2tt)- 3 / {[ X (C)(/m( ^,0, m+ V-, n ^C 4 ) A i/, 

where a differential form z/ is given in §2.3 with d, £ 2 , £ 3 G t/' m and m z here 
for z/ instead of z in §2.3. By changing of variables as in §2.3 we get 

V (z) := -(2vr)- 3 / x(Ci+*)(/m( m -^,Ci+ "X m+1 ^,-, n ^).rfC4)A^, where 

^ := (%Ln(d - C 2 ))Mr 1 (%Ln(C 2 - C^M^Ca^Cs)^" 1 . 

Consequently, dr]/dz m = f m in [/". The final part of the proof is analogous 
to that of Theorem 1.2.5 [9]. 

2.16. Definition. Let W be an open subset in H n and for each open 
subsets U and V in H n such that 

(i) ^ U C V D W ^ V and 

(ii) V 7 is connected 

there exists a quaternion holomorphic (right superlinear superdifferentiable, 
in short RSS, correspondingly) function / in W such that there does not 
exist any quaternion holomorphic (RSS) function g in V such that g = f in 
U. Then W is called a domain of quaternion (RSS, respectively) holomorphy. 
Sets of quaternion holomorphic (RSS) functions in W are denoted by TC(W) 
(Hrsl(W) respectively). 

2.17. Definition. Suppose that W is an open subset in H n and K is a 
compact subset of W , then 

(i) k%:={zeW: \f(z)\ < sup cei , ||/(C)|| for each / G H(W)}; 

(ii) K^f SL :={zeW: \f(z)\ < sup feK |/(C)| for each / G H RSL {W)Y 
these sets are called the 7i(jy)-convex hull of K and the 7iRsx(W^)-convex 
hull of K respectively, where ||/(C)|| := sup heH n \f(().h\. If K = Kfy 
or K = K^ HSL , then K is called 7i(W^)-convex or HRSL{W)-convex corre- 
spondingly. 

2.18. Proposition. For each compact set K in H n ; the H(H n )-hull and 
Ti.RSL(ii n )-hull of K are contained in the H-convex hull of K . 

Proof. I. Consider at first the 7i(H n )-hull of K. Each z G H n can 
be written in the form z = ( 1 z, n z), ^z G H, ^z = Y^t=i x i,j^h where 
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= x i,j( z ) 6 R, S| G {/, J, K, L}. If w G H n , w co-r(K), then there are 
yi, ...,yin e R such that £™ =1 Ef=i ^,jMy4(j-i)+/ = 0, but 
£"=iEf=i^ ,j M 2/40-1)+/ < if z G fT, where 

co R (i^) := {z G H n : there are ai,...,a s G R and Vi,...,v s G K such that 
z = aiVi + ... + afcffc} denotes a R-convex hull of K in H n . Put — 
J2i j y4(j-i)+i Si, then f(z) := exp(X)™=i ZjCj) is the quaternion holomorphic 
function in H n such that \f(z)\ < 1 for each z G K and = 1 for the 

marked point w above (see Corollary 3.3 [22]), since J 2 = K 2 = L 2 = —I. 
From ||/(C)|| > |/(C)| the first statement follows. 

II. Consider now the ft RSL (H n )-hull of K. Each / G H RS l(W) has the 
form / = (j^ 2 "^ 2 2 2 ) such that /i^ and /i^ are complex holomorphic by 

complex variables H and % respectively and antiholomorphic by complex 
variables % and H correspondingly (see Proposition 2.2 [22]). The set K 
has projection and Ki j2 on the complex subspaces C n corresponding 
to variables H, n t and 1 tt, n u respectively. Therefore, [k1^S: sl ) 1 j C 
K® l Cn for / = 1 and I = 2, where K® l0n denotes the complex holomorphic 
hull of Kij in C n . In view of Proposition 1.3.3 K® t c „ C co^{K^i), hence 
Kh* sl Cco r (K). 

2.18.1. Note. Due to Proposition 2.18 above Corollary 1.3.4 [9] can be 
transferred on Ti and Hrsl for H n instead of C n . Quaternion versions of 
Theorems 1.3.5,7,11, Corollaries 1.3.6,8,9,10,13 and Definition 1.3.12 are 
true in the TCrsl-cIslss of functions instead of complex holomorphic functions. 



3 Integral representations of functions of quater- 
nion variables 

3.1. Definitions and Notations. Consider an H-valued function on H n 
such that 

(i) (C, C) — ae with a > and ((, () = if and only if ( = 0, 

(«) (C,* + = (£*) + (£ 0, 

(in) (C + £,*) = (C, + 

(iv) (a(,z(3) = a((,z)(3, 

(v) (C?- 2 )' — i z > f° r each an d 2 ^ H n , ct and (3 G H, n G N. Then 
this function is called the scalar product in H n . The corresponding norm is: 
iyi) |0 = {(CjC)} 1 ^ 2 - 111 particular, it is possible to take the canonical 



13 



scalar product: 

(vii) < C; z >: = ((, z) = Ya=i l ( l z, where z— ( 1 z,..., n z), l z G H. 
Consider differential forms on H: 

(1) ^(0 = C^C, "i(C - z) = (C - "i(C, *) = (C - 5)(rfC - 

(2) i^(c) = (dC)(C), ^(C-*) = (dC)(C-«), ^i(C^) = (dC-^)(C-5), 

(3) w 2 (C) = (jrfO') A (jd(j), oj 2 (C, z) = j(d( - dz)j A j(d( - dz)j, 

(4) v 2 (() = d( A dC, ^(C, = (d( - dz) A (dC - dz), 

(5) w 4 (C) = ^(C)Aw 2 (C), 

(6) u 4 {C,z) = v 2 {C,z)Auj 2 {C), 

(7) £D 4 (C,^) = ^(C^) Aw 2 (C»*)- 

With the help of them construct differential forms on H n : 

n 

(8) 0,(0 := (2n - 1)!(2tt)- 2 «|C - EM( X C) A ... 

s=l 

Acu 4 ( S - 1 C) A wi( S C " S z) A cu 2 ( S C) A co 4 ( S+1 C) A ... A u 4 { "0 
+cu 4 ( X C) A ... A iv 4 ( S - 1 C) A ^( S C " A cu 2 ( X) A cu 4 ( S+1 C) A ... A uo 4 { \)}; 

(9) 0(C^):=(2n-l)!(2 7 r)- 2 "|C-^r 4 "EK( 1 C, ^ A ... 

s=l 

Au 4 { S - 1 C, s - 1 z)Ao; 1 ( X, s z)Au 2 { X)Acu 4 ( s+1 (, s+1 z)A...Acu 4 ( n (, n z)+u 4 { X, *z) 
A...Au 4 ( -'C, ^A^ 'C, ^)Ac 2 ( S C)A^ 4 ( S+1 C, s+1 z)A...Auj 4 ( n (, n z)}; 

n 

(10) e(C^):=(2n-l)!(27r)- aB |C-^|- 4B E{^( 1 C, **) A ... 

s=l 

Acu 4 ( S " 1 C, s - 1 z)Aa; 1 ( S C, s z)Aw 2 ( s (, s z)Aoo 4 { S+ X, s+1 z)A...Au 4 ( n (, n z)+ 

u 4 ( X, 1 z)A...Aco 4 ( S -X, s ' 1 z)Au 1 ( X, s z)Alu 2 ( X, s z)Alu 4 ( s+ X, s+1 z)A...Alu 4 ( n (, 

where ( and z G H n . If U is an open subset in H n and / is a bounded 
quaternion differential form on U, then by the definition: 

(11) (Buf)(z):= [ f(()A6((,z) 

for each z G H n . If in addition U is with a piecewise C 1 -boundary (by the 
corresponding real variables) and / is a bounded differential form on dU, 
then by the definition: 



(12) (B du f)(z):= [ /(C)A0(C,*) 
J(edu 
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for each z G H n . 

3.2. Theorem. Let U be an open subset in H n with piecewise C 1 - 
boundary dU . Suppose that f is a continuous function on cl(U) and df is 
continuous on U in the sense of distributions and has a continuous extension 
on cl(U). Then 

(1) / = Bguf - Budf on U, 

where By and Bqu are the quaternion integral operators given by Equations 
3.1.(11,12). 

Proof. The differential form 6((, z) has the decomposition 

2n-l 

(2) 0(C,z)= £ T S (C,*), 

9=0 

where T q ((,z) is the quaternion differential form with all terms of degree 
4n — q — 1 by ( and ( and their multiples on quaternion constants and 
of degree q by z and z and their multiples on quaternion constants. The 
differential form /(£) has the decomposition 

m 

(3) /(C)=E/r(0, 
r=0 

where m = deg(f), f r (C) is with all terms of degree r by ( and ( and their 
multiples on quaternion constants. Then f r A T q = 0, when r > q + 1. By 
the definition of integration f^ eU f r (C) A T q ((,z) — for r < q + 1. If / is 
a function, then f (;edu f(()T q ((,z) = for each g > 0, since dU has the 
dimension 4n — 1 , hence 

(4) (£«,/)(*)= / a /(C)^(C), 

since T (C, z) = ^z(C)- If / is a 1-form, then f^ &u f(() A T g (C, z) — for each 
g > 0, since {7 has the dimension 4n, consequently, 

(5) (Buf)(z) — f /(C)Afl,(C). 

Write ^ 6 Hin the form £ = ae+/3j, then £ = a — (3j, where a = a + aii and 
(3 = (3 + G C, a ,a:i, A) and /3j G R, i := (—I) 1 / 2 . There is the identity 
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(3j = j(3, since ij = —ji = k, where (3 = fio — H = Re © Hi © Rj © Hk, 
i 2 = j 2 = k 2 = —e, i = ie. Then 

(6) d(3j A dj3j = 0, i/ 2 (0 = —da A d(3j - d(3j_ A da - d/3 A d/3e, 

(7) cj 2 (0 = rfa A dae + Ida A d/3j - d/3 A d/3e, 

(8) d£ A A u; 2 (£) = 0, since d£ A d£ = da A dae - 2da A d/3j + d/3 A dfie, 

(9) f 2 (0Au; 2 (0 = —daAdaAd{3Adj3e = 4:daoAdaiAd{3 AdPie. Therefore, 
z/ 2 (£) A a; 2 (£)/4 plays the role of the volume element in H. Hence 

(10) d c (\( - z\ in 9 z (Q) = [(2n - l)!(27r)- 2ri ](2n)4"rf ^0 Ad^Ad A 
d 1 f3 i A ... A d n a A d n ai A d n f3 A d n f3i, since d^ — + d~ z (see Formula 
(2.15) [22]). In view of Proposition 1.7.1 [9] and Formulas (6 — 9), 3.1. (vi,vii) 
above the differential form Z (() is closed in U \ {z}. 

There exists e > such that for each < e < eo the ball -B(H n , z,e) : = 
{C E H n : |C - z\ < e} and hence the sphere S(U n ,z,e) := {( E H n : 
\( — z\ = e} = dB(H n , z,e) are contained in U. Apply the Stoke's formula 
for matrix-valued functions and differential forms componentwise, then 

(11) V,, e) /(C)^(C) = Ssu fiOUO - SuMO] A 6,(Q, where U e : = 
U\B(H n ,z,e), < e < e . 

There are identities: dt; A jd( = d£j A d( and (£d()- = [d(]£ for each 

G H. Then from Identity (8) it follows, that 

(i) d(Ajd(Ad(Ad( = 0, 

(ii) d( A d( A jd( A d( = 0, 

(Hi) d( A d( A d( A jd( = 0, since j 2 = —e and Re is the centre of the 
quaternion algebra H, a and (3 G C commute with da, da, d(3 and d/3, where 
( = ae + j3j. From (i — Hi) with the help of automorphisms ( 1— > j( and 
( I— > (j it follows, that 

(iv) d( A d( A d( A d( = 0, 

(v) d(AjdtAjd(Ad( = 0, 

(vi) d( Ajd( Ajd(j Ajd(j = 0. Therefore, from (8) and (vi) it follows, that 
(12) B v df = B v df, since df = df + df, where df(() = (df(()/d().d(, 

9/(0 = (df(0/d().d(, /(C) = /(CO is the abbreviated notation. 

In view of Formula (10) and the Stoke's formula: 
(13) V, 2 , £) 0.(0 = (2n - l)!(27r)- 2 "[4«e- 4 «2n] J^, , >e) (dV> = e, where 
dV is the standard volume element of the Euclidean space R 4n . From For- 
mula (13) it follows, that 
lim e ^ /5(Hn,z,e)/(0^(C) = f(z), since 

ls(^, z ,e)(f(0-m)e z (0 = (2n-l)!(27r)- 2 «e- 4 «+ 1 /5(Hn^)(/(0-/W)[K- 
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z\ An 1 6 z (()}. The form [\( — z\ 4n 1 ^ Z (C)] is bounded on U, consequently, 
\Is^, z , £) (f(C)-f(z))9 z (C)\ < C7 im ax{|/(C)-/(*)| : C G £(H n ,z,e)}, 
where C\ is a positive constant independent of / and e for each < e < e . 
Therefore, Formula (1) follows from Formula (11) by taking the limit when 
e > tends to zero and using Identity (12). 

3.3. Corollary. Let U be an open set in H n and f be a continuous 
function on cl{U) and quaternion holomorphic on U. Then 

(1) / = B du f on U, 

where B\j and Bsu are the integral operators given by Equations 3.1.(11, 12). 

Proof. From 9/ = 0, since df(()/d( = 0, and Formula 3.2.(1) it follows 
Formula 3.3.(1). 

3.4. Definitions and Notations. Suppose that U is a bounded open 
subset in H n and ip((, z) be a quaternion-valued (^-function (by the corre- 
sponding real variables) defined on V x U, where V is a neighbourhood of 
dU in H n , such that 

(1) < ^(C,z);( - z >^ for each (£, z) £ dU x U. Then ip is called a 
quaternion boundary distinguishing map. Consider the function: 

(2) r ] ^(,z,\):=\((-z)<(-z;(-z>- 1 
+(l-X)4>((,z)<(-z;^((,z)>- 1 , 

(see Formula 3.1. (vii)) and the differential forms: 

(3) ^( V(C, z, A)) := V(C, z, A)(9 . c , s z + d\) V(C, z, A), 
wi( V(C, z, 0)) := V(C, z, 0)9 . Ci s , V(C, 0), 

(4) ^( V(C, *, A)) := [(9 . Cl s z + dX) V(C, *, A)] V (C, A), 
^( V(C, *,())) := S2 V(C^,0)] V(C^,0), 

(5) z/ 2 ( V(C, A)) := [(9 , ( , , 2 +rfA) V(C, z, A)]A[(9 . fi * 2 +dA) V (C, ^, A)], 
z/ 2 ( S ^(C, 2, 0)) := [9 . fi s z z, 0)] A [9 . (i * 2 S ^(C, z, 0)], 
analogously to (3 — 5) are defined ui( s ip((,z)), v\{ s ip((,z)), v 2 { s ip((,z)) 
with s vp((, z) instead of s r/^(C,-2,0); 

(6)0c := <M^(C, «); C) := (2n - l)!(27r)~ 2 " < ^(C, *); C - * >~ 2 " 

n 

$> 2 ( *)) A wa( X C) A ... A i*( -^(C, *)) A w 2 ( S - 1 C) 

A[wi( >(C, *)) A co 2 ( S C) + ^i( W, *)) A a*( S C)]A 
v 2 { S+1 ^(C, *)) A cu 2 ( s+1 () A ... A z/ 2 ( >(C, *)) A lu 2 ( »C)}l 
(7)0c, 2 ,a := 0c, 2 ,a WC, *); := (2n - l)!(2vr)- 2 " 
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£M V(C, 2, A)) a wa( X C) a ... a z/ 2 ( - V(C, *, A)) a c 2 ( S - 1 C) 

s=l 

A[ Wl ( V(C, *, A)) A co 2 ( s c) + ^i( V(C, 2, A)) A u*( s C)]a 
v 2 { -+V(C, *, A)) A a*( S+1 C) A ... A i*( V(C, ^, A)) A c 2 ( n ()}. 
If / is a bounded differential form on U, then define: 

(8) {Livf){z):= I /(C)a<MV>(C,2);C), 

JCedU 

(9) (i2fe/)W:= l edUfi<x<1 f(o^k, z ,xm,zy,o- 

3.5. Theorem. Let [/ fre an open subset in H n with a piecewise C 1 - 
boundary and let ip be a quaternion boundary distinguishing map for U. Sup- 
pose that f is a continuous mapping f : cl(U) — > H such that Of is also 
continuous on U in the sence of distributions and has a continuous extension 
on cl(U). Then 

(1) / = (Ltuf) - (Rtudf) - (Budf) on U, 

where the quaternion integral operators B v , Lq V and FCq V are given by Equa- 
tions 3.1.(11), 3.4.(8), (9). 

Proof. There is the decomposition: 

(2) 0c,,,a = ESo 1 ^(C,^A) ) 
where T^((,z, A) is a differential form with all terms of degree q by z and 
z and their multiples on quaternion constants and of degree (An — q — 1) 
by (C, A) (including ( and multiples of ( and ( on quaternion constants). 
A differential form / has Decomposition 3.2.(3). If ip(z) is a quaternion z- 
superdifferentiable nonzero function on an open set V in H n , then differenti- 
ating the equality (t/j(z))(t/j(z))~ 1 = e gives [^(^(z)) -1 ].^ = — (ip(z))~ 1 (d z ip(z).h)(ip(z))~ 1 
for each z £ V and each h G H n . Then 

f r (0 A TJ(C, z, A) = for each r^q + 1, 
since dim(dU) = 4n — 1, d\ A d\ = and dA commutes with each b G H. 
Therefore, 

(3) #&//r = J{edu,o<\<ifr(0 A TjL^Cz, A) for each 1 < r < 2n and 
Rgufr = for r = or r > 2ra. In particular, if / = fi, then 

(4) #at//i = J<;edUfi<\<i 
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where (j)^ t \(ip((, z);(), is obtained from ^ Zt x(ip(C, z); C) by substituting all 
s z in Formulas 3.4.(3 — 5,7,9) on d s^. On the other hand, with the 
help of Formulas 3.2.(8), (vi) each quaternion external derivative d ^ can be 
replaced on d in (fi(,\(ip((, z ) \ C) i n Formula (4). For z there is the dez- 
composition: 

(5) 4>^, z = Y^=q 1 ^^{Ci z )i where Tg(C, z) is a differential form with all 
terms of degree q by z and 5 and their multiples on quaternion constants and 
of degree 4n — q — 1 by ( and z and their multiples on quaternion constants. 
Therefore, 

(6) L%jfr = k ed u fr A TJ?(C, z) for each < r < 2n - 1 
and Lgyfr = for r > 2n. In particular, for f — fo' 

(7) 4/o = U/o(C)^(C^);C), ' 

where ^(V'(C) 2)), i s obtained from (f)^ z (ip((, z); () by substituting all c^ )2 in 
Formulas 3.4.(3 — 5, 6, 8) on d^. 

In view of Formula 3.2.(1) it remains to prove, that Rgijdf = L^f—Bguf 
on U. For each ( in a neighbourhood of <9£7 there is the identity: 

(8) < rf(C,,z, A);( - z >= 1 for each < A < 1, hence < 
^(C, 2, A); C-z >= 0. By Proposition 1.7.1 [9] and Formulas 3.2.(8), (9), (i- 
vi) : 

(9) d^x4>(,z,x = 0. From Identities 3.2.(8), (vi) it follows, that 

(10) d c f A C A = 0. Therefore, from (4), (9), (10) it follows, that 

(11) d cx [f(()hx] = fe/(C)]A0 c ,A, since d ( f(() = E?=iW(C, 0/0 'C)-<* 'C- 
In view of Proposition 1.7.3 [9] and Formulas 3.2.(8), (9), (i — vi); 3.4.(1 — 7): 

(12) 0c,a|a=o = 0c, 0c,aU=i = ^(O- 

From the Stoke's formula for matrix-valued differential forms, in particular, 
for [/(O^aMC, z); ()} on dUx [0, 1] and Formulas (4), (7), (11), (12) above 
it follows the statement of this theorem. 

3.6. Corollary. Let conditions of Theorem 3.5 be satisfied and let f be 
a quaternion holomorphic function on U, then f = L^ v f on U . 

3.7. Remark. For n — 1 Formula 3.2.(1) produces another analog of the 
Cauchy-Green formula (see Theorem 2.1 and Remark 2.1.1) without using 
the quaternion line integrals. This is caused by the fact that the dimension 
of H over R is greater, than 2: dimnH. = 4, that produces new integral 
relations. Theorem 3.2 can be used instead of Theorem 2.1 to prove theorems 
2.3 and 2.11 (with differential forms of Theorem 3.2 instead of differential 
forms of Theorem 2.1). If ip((,z) = ( — z, then Lq V = B 9U and Rg V = 0, 
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hence Formula 3.5.(1) reduces to Formula 3.2.(1). For a function / or a 1- 
form / Formulas 3.2.(4), (5) respectively are valid as well for 9((, z) instead of 
Z (C), where d^ z 9((, z) — for each ( ^ z. A choise of uj 4 (see 3.1.(5)) and the 
corresponding to it u>i, Vi, u 2 , oj 2 is not unique, for example, d( A d( A d( A d( 
may be taken, since it gives up to a multiplier Ce, where C is a real constant, 
the canonical volume element in H and d( A d( A d( A d( = 0. Formulas 3.2.(1) 
and 3.5.(1) for functions of quaternion variables are the quaternion analogs 
of the Martinelli-Bochner and the Leray formulas for functions of complex 
variables respectively, where ip((,z) is the quaternion analog of the Leray 
complex map (see §3.4). In the quaternion case the algebra of differential 
forms bears the additional gradation structure and have another properties, 
than in the complex case (see also §§2.8 and 3.7 [22]). Lemma 3.9 below 
shows, that quaternion boundary distinguishing maps exist. 

3.8. Definitions and Notations. Let a subset U in H n be given by: 

(1) U :— {z G H n : p(z) < 0}, where p is a real-valued function such that 
there exists a constant eo > for which: 

(2) Etm=i(d 2 p(z)/dxidx m )tit m > e \t\ 2 for each t G R 4n , where z = 

( 1 Z, n z), l Z G H, l Z — Em=l 3; 4(!-l)+m5'm, := e, S 2 '■— i, S 3 := j, 

S 4 := k, %i G R. Then U is called a strictly convex open set (with C 2 - 
boundary). Let 

(3) w p (z) := (dp(z)/d 1 z,...,dp(z)/d n z) and v p (z) := Et=i( w P - S m)S m , 
where as usually w p .S m = (d z p(z)).S m is the differential of p. 

3.9. Lemma. Let the function v p be as in §3.8. Then v p is the quaternion 
boundary distinguishing map for U . 

Proof. Since S m S t = (_i)«(^)+«(^) S t S m , where k(S 1 ) = 0, k(S 2 ) = 
k(S 3 ) = k(S , 4 ) = 1, then 

< v p (C); (-z> + <(-z; v p (Q >= 2 TtiiMO/dx^ - z), 
where X\ = Xi(() and xi(( — z) are real coordinates corresponding to ( and 
( — z. By the Taylor's theorem: p(z)e = p(C)e— < v p (();( — z > /2— < 
C-z;v p (() > /2 + J2t m=1 (d 2 p(C)/dx l dx m )x l (C-z)x m (C-^e/2 + o(\C-z\ 2 )e. 
Therefore, there exists a neighbourhood V of dU and e\ > such that 
(1) (< v p (C); (-z> + <(-z; v p (C) >) e /2 > p(C) - p(z) + e |C - z\ 2 /A 
for each ( G V and |£ — z\ < e±, where a = a e e + a^i + ajj + a k k for each 
a G H, a e , a iy cij and are reals. If z G U, C G dU, \z — (\ < e 1 , then by 
(1): (< v p ((); ( - z > + < C - z- v p (C) >) e > -p(z) > 0. If \(-z\>e 1 , 
put z l := (1 - ei|C - ^r X )C + ei|C - A' 1 *-, then C - %i = d|C ~ ^l _1 (C ~ 
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consequently, (< v p ((); ( - z > + < ( - z; v p (() >) e /2 > -p(zi). Evidently, 
U is convex and Z\ G U . 

3.10. Theorem. Let U be a strictly convex open subset in H n (see 
3.8.(1) ^ and let f be a continuous function on U with continuous df on U in 
the sence of distributions having a continuous extension on cl(U) such that 
2.11.(i) is satisfied. Then there exists a function u on U which is a solution 
of the d-equation 2.11.(n). 

Proof. In proofs of Theorems 2.3 and 2.11 take in Formula 3.5.(1) xf 
instead of /, which is possible due to Lemma 3.9, choosing tp = v p and 
supp(x) as a proper subset of U. Then Lgjjxf = and R^uxf — 0) 
hence xf = —Bijdxf ■ F° r each fixed z G U a subset l U v := {£ G H : 
p( 1 z,... : l+1 z, n z) < 0} is strictly convex in H due to 3.8.(1,2), 

where 77 := ( 1 z, l ~ 1 z, l+1 z, n z). Apply 3.5.(1) by a variable £ in l U v , 
in particular, for I — 1, for which v p by the variable £ is the quaternion bound- 
ary distinguishing map for l U q . Therefore, u(z) := —B i Uv 1 f(C,,i]).d^ with 
z = (£,77), £ G l U v solves the problem. 

4 Quaternion manifolds 

4.1. Definitions and Notations. Suppose that M is a quaternion manifold 
and let GL(N, H) be the group of all invertible quaternion N x N matrices. 
Then a quaternion holomorphic vector bundle Q of quaternion dimension 
iV over M is a C°°-vector bundle Q over M with the characteristic fibre 
H n together with a quaternion holomorphic atlas of local trivializations: 
9a,b :U a nU b ^ GL(N, H), where U a nU b ^ 0, {(U a , h a ) : a G T} = At(Q), 
U a U a = M, U a is open in M , h a : Q\u a U a x H n is the bundle isomorphism, 
[z, g atb (z)v) = h a o h b ~ 1 (z,v), z G U a C]U b , v G H n . Since M is also the real 
manifold there exists the tangent bundle TM such that T X M is isomorphic 
with H n for each x G M, since TU a — U a x H n for each a, where dim-^M = n 
is the quaternion dimension of M. If X is a Banach space over H (with left 
and right distributivity laws relative to multiplications of vectors in X on 
scalars from H), then denote by X* the space of all additive R-homogeneous 
functionals on X with values in H. Clearly X* is the Banach space over 
H. Then T*M with fibres (H™)* denotes the quaternion cotangent bundle 
of M and A r T*M denotes the vector bundle whose sections are quaternion 
r-forms on M, where S b dx b AS a dx a = -(-l) K( - Sa ^ +,i( - Sb ^ S a dx a A S b dx b for each 
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S a , Sb G {e, i,j, k}, dz = edx e + idxi + jdxj + kdxk, z G H, Xb G R. 

Quaternion holomorphic Cousin data in Q is a family {/ a) b : a, b G T} of 
quaternion holomorphic sections f a ^ '■ U a C\Ub — > Q sucn that + = / a> / 
in [/ a fl f/j, fl C/; for each a, b, I G T. A finding of a family {/ a : a G T} of 
quaternion holomorphic sections / a : U a — > Q such that / aj ;, = f a — fb m 
£4, H C/ft for each a, 6 G T will be called the quaternion Cousin problem. 

4.2. Theorem. Let M be a quaternion manifold and Q be a quaternion 
holomorphic vector bundle on M. Then Conditions are equivalent: 

(i) each quaternion holomorphic Cousin problem in M has a solution; 

(ii) for each quaternion holomorphic section f of Q such that df = on 
M, there exists a C 00 -section U of Q such that (du/dz) — f on M. 

Proof, (i) — > (ii). In view of Theorems 2.11 and 3.10 there exists an 
(open) covering {U a : a} of M and C°°-sections u b : U b — > Q such that 
(dub/dz) = f in Ub- Then (u b — U[) is quaternion holomorphic in f^CW/ and 
their family forms quaternion holomorphic Cousin data in Q. Put u := Ub~hb 
on Ub, where Ub — ui = hb — hi, hb : Ub — > Q is a quaternion holomorphic 
section given by (i). 

(ii) — > (i). Take a C°°-partition of unity {xb '■ b} subordinated to {Ub ■ b} 
and c b := - E a Xafa,b on C/ b , then /, )6 = £ a Xa(/(,« + /«,&) = Q - cj in [/", n C/ 6 , 
hence (dci/dz) = (dcb/dz) in C/j n £4. By (ii) there exists a C^-section 
u : M ^ Q with (du/dz) = (dcb/dz) on [/& and ft,;, := q, — u on C/ 6 gives the 
solution. 

4.3. Definitions. Suppose U is an open subset in H, then a C 2 - 
function p : U — > R is called subharmonic (strictly subharmonic) in U 
if Y^m=i^ 2 p/^ x m ^ (El=i d 2 p/dx 2 m > correspondingly) for each z = 
Xie + X2i + X3J + x^k G £/, where xi, ...,£4 G R. If C/ is an open subset in 
H n , then a C 2 -function p : £7 — > R such that the function £ 1— > p(t> + (w) 
is subharmonic (strictly subharmonic) on its domain for each v,w G H n 
is called plurisubharmonic (strictly plurisubharmonic correspondingly) func- 
tion, where ( 6 H. 

A C p -function p on a quaternion manifold M is called a strictly plurisub- 
harmonic exhausting C p -function for M, 2 < p G N, if p is a strictly plurisub- 
harmonic C p -function on M and for each a G R the set {z G M : < a} 
is relatively compact in M. 

4.4. Theorem. Let M be a quaternion manifold with strictly plurisub- 
harmonic exhausting function p such that pe is a '^-function and let Q be 
a quaternion holomorphic vector bundle on M , U a := {z G M : p(z) < a} 
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for a G R. 

(i) . Suppose that dp(z) 7^ for each z G 9C/ a /or a marked a G R. T/ien 
every continuous section f : cl(U a ) — > Q quaternion holomorphic on U a can 
be approximated uniformly on cl(U a ) by quaternion holomorphic sections of 
Q on M. 

(ii) . For each continuous mapping f : M — > Q such that df — on M 
there exists a continuous mapping u : M — > Q snc/i i/ioi du/dz = f on M. 

Proof. For a C^-function p : U — > R (that is, p is locally analytic in 
variables (z, z),H— Re H) there is the identity: 

T l l,m,a,b( d2 p/ d lx " d m Xb)U(l-l)+aU(l-l)+b = 

E m ,l( 92 p( Z )/ d lzd mZ )-(( d V l Xa)t4(l-l) + a, (0 m z/ l X b )t 4{l _ 1)+b ) 

= J2^,i =1 (d 2 p(z)/d l zd m z).( 1 ^ m i), since d l z/d l x a = S a , d l z/d l x a = 
(_l)«(S-) 5o> W h e re = £* =1 tm- 1)+a S a , S 1 = e, S 2 = i, S 3 = j, S 4 = k, 
l z — Z)o=i lx aS a , h G R, 'a; a G R. Therefore, a C^-function p is strictly 
plurisubharmonic on U if and only if 

(1) El l ,i=i(d 2 p(z)/d l zd m z).( , m i) > for each z G U and each 
0^6 H n , where £ = ( ra £) (see also §2 [22]). Consider a proper 

compact subset A in M such that dp(z) 7^ for each z E A. Then for each 
e > there exists a strictly plurisubharmonic function p e : M — > R such that 
pe is a C^ 5 -function on M and (i — m) are fulfilled: 

(?) p — p e together with its first and second derivatives is not greater than 
e on M; 

(ii) the set Crit(p e ) := {z E M : dp e (z) = 0} is discrete in M; 

(m) p e = p on A (see also Lemma 2.1.2.2 [9] in the complex case). 

The space C^(U,H) is dense in C°(U, H) for each open U in H n (see 
§2.7 and Theorem 3.28 in [22]). Suppose (3 G R and dp(z) 7^ for z G <9£/g 
and / : cl(Up) — > Q is a continuous section quaternion holomorphic on C/g. 
Therefore, for each (5 < a < 00 if rfp(z) 7^ for each z G <9C/ a , then / can 
be uniformly approximated on cl{Up) by continuous sections on cl{U a ) that 
are holomorphic on U a . There exists a sequence (3 < a± < a 2 < ... such that 
lim; cti = 00 and dp(z) 7^ for each z G 9C/ ap since Crit(p) is discrete. For 
each e > there exists a continuous section f] : cl(U ai ) — > Q such that /j 
is quaternion holomorphic on U ai and — fi\\c°(u ai ) < for each 

I G N, where f := /. Therefore, the sequence {/; : I G N} converges to 
the quaternion holomorphic section g : M — > Q uniformly on each compact 
subset P in M and ||/ — ^llc ^) < e - 
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The second statement (ii) follows from (i) and Theorems 2.11, 3.10, since 
Crit(p) is discrete in M and there exists a sequence of continuous Q-valued 
functions on cl(U ai ) such that dui/dz — f on U av \JiU ai = M (see also 
the complex case in §2.12.3 [9] mentioning, that Lemma 2.12.4 there can be 
reformulated and proved for a quaternion manifold M on H n instead of a 
complex manifold on C n ). 

4.5. Definitions. Let M be a quaternion manifold (see §2.10). For a 
compact subset G in M put: G 1 ^ := {z G M : |/(z)| < sup CeG |/(C)|V/ G 
W(M)}. Such G^j is called the ft(M)-hull of G.UG = then G is called 
7i(M)-convex. A quaternion manifold M is called quaternion holomorphi- 
cally convex if for each compact subset G in M the set G% is compact. 

A quaternion manifold M with a countable atlas At(M) having dimension 
n over H and satisfying (i,ii): 

(i) M is quaternion holomorphically convex; 

(ii) for each z G M there are 1 f, n / G 7i(M) and there exists a 
neighbourhood U oi z such that the map [/ 9 ( h ( 1 /(^),..., "/(C)) is 
quaternion biholomorphic (see §2.6), then M is called a quaternion Stein 
manifold. 

4.6. Remark. If Mi and M 2 are two quaternion Stein manifolds, then 
Mi x M2 is a quaternion Stein manifold. If iV is a closed quaternion subman- 
ifold of a quaternion Stein manifold M, then iV is also a quaternion Stein 
manifold. 

4.7. Theorem. Let M be a quaternion Stein manifold. Then for each 
H(M)-convex compact subset P in M , P ^ M and each neighbourhood Vp 
of P there exists a strictly plurisubharmonic exhausting C^-function p on 
M such that p < on P and p > on M \ Vp. 

The proof of this theorem is analogous to that of Theorem 2.3.14 [9] 

in the complex case taking p(z) := —1 + Ylk=i ft ( z )(ft ( z ))' f° r eacn 
z G M, where /,* G C£ 5 , M = (Jj-Pj, C Int(P l+1 ) for each / G N, each P, 

is ^(M)-convex, Efi? |//^)| 2 < 2"' for each z G P,, Efi? |// fc (^)| 2 > / for 
each 2 G P+2 \ C/i, C/i := Int(P l+1 ), rank[{dtf/d m ^)S 1 '.'.'.J (0 ] = " f o r each 

4.8. Theorem. ^4 quaternion manifold M is a quaternion Stein manifold 
if and only if there exists a strictly plurisubharmonic exhausting C^-function 
p on M , then {z G M : p(z) < a} is H(M)-convex for each a G R. 

Proof. The necessity follows from Theorem 4.7. To prove sufficiency 
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suppose i] = ( 1 f], n rf) are quaternion holomorphic coordinates in a neigh- 
bourhood of £ G M. Consider 

(1) u(z):=2E?, m=1 <v p (0;v(z)-v(0> 

+ E?, m=1 (d 2 p(0/d l vd m v)-[( l v(z)- l v(0),( m v(z)- m v(0)]e, 

where v p (£) is given by 3.8.(3). Then u is holomorphic in and = 0. 

By Lemma 3.9: 

(2) (u(z)+u(z))/2 = p(z)e-p(Oe-E?, m=1 (d 2 p(0/d V m v)-l( l v( z ) ~ 
l v(0)i ( m v( z ) — m v(0)'] + od^CO ~ v( z )\ )■ From the strict plurisubhar- 

monicity of p it follows, that there exists (3 > and V£ such that 

(3) (u(z) + u(^))/2 <p(^)-p(0-/?h(z) —77(0 1 2 f o r ea ch zeV ( . Then 
exp(u(£)) = 1 and | exp(u(z))\ < 1 for each d(C/ a )nV^ (see Corollary 
3.3 [22]). 

If g : R — > H is a C°°-function with compact support, then g(zz) =: x( z ) 
is a C^-function on H n with compact support such that \ is quaternion 
(z, z)-superdifferentiable. Therefore, there exists a neighbourhood W% C 
of £ and an infinitely (z, z)-superdifferentiable function x such that x\w £ — 1> 
supp(x) is a proper subset of consequently, ]im m ^ (X || exp(mu(z))(dx(z) / 'dz)\\co(u a ) = 
0, where (dx(z)/dz) = (dx(z)/d 1 z, dx(z)/d n z). In view of Theorem 
3.10 there exist continuous functions v m on cl(U a ) such that (dv m /dz) = 
exp(mu(z))(dx/dz) in U a and lim™-^ ||t> m ||c°(t/ a ) = 0. 

Put g m (z) := exp(mu(z))x(z) — v m (z) + v m (£), hence g m is continuous 
on cl(U a ) and quaternion holomorphic on U a . Since supp(x) is the proper 
subset in then g m (£) = 1 for each m G N, sup m ||^ m ||(70(i7 a ) < oo and for 
each compact subset P in cl(U a ) \ {£} there exists lim m ||g m ||c°(P) — 0. In 
view of Theorem 4.4. (ii) there exists a sequence of functions f m G Ti(M) and 
C = const < oo such that (a) / m (£) = 1 for each m G N; (6) ||/ m ||c°(!7 a ) < C 
for each m G N; (c) lim m ^oo 1 1 1 1 o° ( J 3 ) — for each compact subset P C 
cl(U a )\{Z}. 

Consider a quaternion holomorphic function / on a neighbourhood of 
£ such that /(£) = 0. Put m := f exp(mu)dx/dz, then supp((p m ) is the 
proper subset in \ W^. In view of Inequality (3) there exists 5 > such 
that lim m ||0m||c* o (f/ a+5 ) — 0. As in §4.4 it is possible to assume, that Crit(p) is 
discrete in M. Take < e < 5 such that dp ^ on dU a+e . In view of Theorem 
4.4. (n) there exists a continuous function t> m on cl(U a+e ) such that dv m /dz = 
<p m on C/ Q+e and lim m ||v m ||c°(c/ a+e ) — 0- Each v m is quaternion holomorphic 
on W^, since <p m = on W^, hence lim m <9t> m (0 = 0. Since /(£) = tt(£) = 
and x = 1 on W^, then dg m (^)/d^ = <9/ — dv m (£,)/d£. In view of 
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Theorem 4.4. (i) there exists f m G 7i(M) such that ||/ m — gVnllc^c/a+e) < m 1 
and inevitably lim m ||<9/ m (£)/d£ - dg m (£)/d£\\ = 0. 

Let V£ and W% be as above, then there exists 5 > such that (u(z) + 
u(z))/2 < —5 for each z G £/ Q+( 5 fl (V£) \ W^). Therefore, there exists a branch 
of the quaternion logarithm Ln(u) G H(U a+ s fl (V£ \ c/(W^)) (see §§3.7, 3.8 
[22]). From Theorems 4.2,4.4 it follows that each quaternion holomorphic 
Cousin problem over U a+ s has a solution. Hence Ln(u) = Wi — w 2 for suitable 
wi G H(Vt n C/ a+( j) and w 2 G H(U a+ s \ cl(W^)). Put / := uexp(-iui) in 
U a +s H an( i / := exp(— w 2 ) in C/q, + 5 \ d(W^). Then / G H(U a+ $) and 
/(£) = 0. In view of Inequality (3) f(z) 7^ for each £ 7^ z G cl(U a ). 
Verify now that cl(U a ) is 7i(M)-convex. Consider £ G M \ cl(U a ). Due 
to §4.4 there exists a strictly plurisubharmonic exhausting Ci^-function if> 
for M such that Crit{ip) is discrete and C/ Q C C^CO' wnere Gp := {z E M : 
if){z) < [3} for /3 G R. Considering shifts ^ 1— > if) + const assume dif>(z) 7^ for 
each 2 G 8Gm£\. From the proof above it follows, that there exists / G 7i(M) 
such that /(£) = 1 and < 1 for each z G cl(U a ). 

4.8.1. Remark. With the help of Theorem 4.8 it is possible to spread 
certain modifications of Theorems 3.2 and 3.5 on quaternion Stein manifolds. 

4.9. Theorem. Let N be a complex manifold, then there exists a quater- 
nion manifold M and a complex holomorphic embedding 6 : N M . 

Proof. Suppose At(N) = {(V a ,if) a ) : a G A} is any holomorphic atlas 
of N, where V a is open in N, \J a V a = N, if) a : V a -> ip a (V a ) C C n is a 
homeomorphism for each a, n = dim c M G N, {V a : a G A} is a locally finite 
covering of N, if> b o if)' 1 is a holomorphic function on if> a (V a fl V b ) for each 
a, b G A such that V a fl V& 7^ 0. For each complex holomorphic function / on 
an open subset V in C n there exists a quaternion holomorphic function F on 
an open subset U in H n such that n^i(U) = V and F^i\v e — f\v, where 771,1 : 
R n e©R n i©R n j©R n £; -> R n e©R n i = C n is the projection, F 1A := n ltl oF 
(see Proposition 3.13 [22] and use a locally finite covering of V by balls). 
Therefore, for each two charts (V a ,if) a ) and (Vb,ipb) with V a j> '■— V a D V b 7^ 
there exists {7 ai & open in H n and a quaternion holomorphic function ^b,a such 

that *6,oU„(v , 6 )e = AMa(v a , b ), where W := ^ t _1 , ^1,1(^0,5) = ^a(K,b)- 
Consider Q := a Q a , where Q a is open in H n , ni t i(Q a ) = i[) a (V a ) for each a G 
A. The equivalence relation C in the topological space (B a ip a (Va) generated 
by functions ipb, a has an extension to the equivalence relation 7i in Q. Then 
M := Q/H is the desired quaternion manifold with At(M) = {(^ a , U a ) : a G 
A} such that ^bo^- 1 = ^ b ,a for each U a nU b ^ 0, ^~\ a {v a )e = V(v„) for 
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each a, ^Z^ 1 : Q a — > C/ a is the quaternion homeomorphism. Moreover, each 
homeomorphism : V a — > ^(K) C C n has the quaternion extension up to 
the homeomorphism \I/ a : U a — > ^(^a) C H n . The family of embeddings 
: V'a(Ki) ^ Qa such that o r} a = id together with At(M) induces the 
complex holomorphic embedding 9 : N M. 

4.10. Definition. Let M be a quaternion manifold. Suppose that for 
each chart (U a , <f> a ) of At(M) there exists a quaternion superdifferentiable 
mapping T : u <E <p a (U a ) i-> r(u) G Lg(X,X,X g *;H) = L 9 (X,X;X), where 
L q (X n , (X*) m ; Y) denotes the space of all quasi-linear mappings from X n x 
(X*) m into Y (that is, additive and R-homogeneous by each argument x in X 
or in X*), where X and Y are Banach spaces over H, X* denotes the space of 
all quasi-linear functionals on X with values in H (see §4.1), X* = L q (X; H). 
If U a n U b ^ 0, let 

(1) J D(0 6 o0- 1 ).r(0 a ) = J D 2 (0 6 o0- 1 ) + r(0 fe )o( J D(0 fe o0- 1 )x J D(0 b o0- 1 )). 
These T(0 a ) are called the Christoffel symbols. Let B = B(M) be a family 
of all quaternion holomorphic vector fields on M. For M supplied with 
{r(0 a ) : a} define a covariant derivation (X, Y) e i3 2 i— > Vj^ G i3: 

(2) Vx7(m) = Dy(«).X(«) + r( M )(X(M),F(M)), where X(u) and 

are the principal parts of X and F on (U a ,<f> a ), u = (p a (z), z G U a . In this 
case it is said that M possesses a covariant derivation. 

4.11. Remark. Certainly for a quaternion manifold there exists a neigh- 
bourhood V of M in TM such that exp : V — > M is quaternion holomorphic 
(see the real case in [12]). 

4.12. Theorem. Let f be a quaternion holomorphic function such that 
f is quaternion (right) superlinear on a compact quaternion manifold M, 
then f is constant on M. 

Proof. By the supposition of this theorem (/o^ 1 )? is quaternion (right) 
superlinear for each chart (Ub,4>b) of M. Since M is compact and \f(z)\ 
is continuous, then there exists a point q G M at which \f(z)\ attains its 
maximum. Let q G Ub, then / o (p^ 1 is the quaternion holomorphic function 
on Vb := <fib{Ub) C H n , where dim-^M = n. Consider a polydisk V in H n 
with the centre y = 4>b(l) such that V C H- Put g(w) = f o <p^ 1 {y + [z — y)w), 
where w is the quaternion variable. Then for each z G V there exists e z > 
such that the function g(w) is quaternion holomorphic on the set W z := {w : 
G H, |w| < 1 + e z } and |(?(w)| attains its maximum at w — 0. In view of 
Theorem 3.15 and Remark 3.16 [22] g is constant on W z , hence / is constant 
on Ub- By the quaternion holomorphic continuation / is constant on M. 
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